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Abstract-This paper presents numerical solutions for the flowfield transients with a single jet of cold liquid 
entering horizontally at the bottom of a tall tank initially filled with hotter liquid which is removed at the 
top of the tank. Accurate solutions of the unsteady two-dimensional Navier-Stokes and heat equations 
are computed for laminar flow conditions with the coupling between the flow and the temperature modeled 
through the Boussinesq approximation. Early in the filling process, the inflow of the higher density liquid 
produces a gravity current which propagates across the tank floor. When turned by the wall opposite the 
jet, the gravity current generates a range of internal wave phenomena which are apparent in oscillations of 
the thermocline. The region below the thermocline is initially filled with a complex pattern of recirculation 
cells, which evolves to a pattern dominated by the jet vortex as the thermocline moves away from the inlet. 

0 1997 Elsevier Science Ltd. 

1. INTRODUCTION 

In the last decade, interest in chilled-water storage has 
increased dramatically because of its ability to shift 
electrical demand for space cooling from on-peak to 
off-peak hours. The potential benefits of this tech- 
nology are significant since space cooling now rep- 
resents 44% of the commercial sector’s summer peak- 
demand for electricity [l]. With chilled-water storage, 
utilities achieve more uniform demand, and con- 
sumers reap savings due to the lower rates during off- 
peak hours. The simplest, most reliable design for 
chilled-water thermal storage is a single, naturally 
stratified tank. Although similar in principle to the 
storage devices commonly used in solar thermal 
systems, chilled-water storage tanks (1) operate with 
a much lower temperature difference, e.g. 10 vs 75”C, 
and (2) have a significantly larger storage volume, e.g. 
millions vs hundreds of liters. For both systems the 
level of mixing between the ‘hot’ and ‘cold’ liquid 
determines the efficiency of the storage device. The 
engineering objectives are to relate the storage-tank 
design and operation to the mixing between the hot 
and cold liquid, and to alter design and operation in 
order to optimize performance. 

The earliest studies of solar thermal storage [2, 31 
noted the importance of inlet design to overall per- 
formance, and a similar dependence on inlet design 
was identified in the early research on stratified chil- 
led-water storage [4, 51. Yoo et al. [6] focused on 
the first stage of the tank-filling process in which the 
entering cold water forms a gravity current which 
propagates across the tank. Yoo et al. [7] presented 
measurements of length and propagation rate for this 
gravity current. The relatively few numerical simu- 

lations of the tank-filling process reported in the litera- 
ture [8-lo] have, unfortunately, relied on schemes 
which are incapable of resolving the large thermal 
gradients observed experimentally. 

In the present study, numerical methods capable of 
resolving the important physical scales are used to 
provide a quantitative description of the transient fill- 
ing process. Adequate numerical resolution is believed 
to be of primary importance since the dynamics of the 
flowfield depend strongly on the temperature field, 
and since the level of thermal mixing is of fundamental 
relevance to stratified-storage performance. 

2. PROBLEM FORMULATION 

Our two-dimensional geometry is shown in Fig. 1. 
We assume that the tank is sufficiently tall that the 
inlet and outlet flows are decoupled. We focus on the 
inlet flow with appropriate outflow conditions at the 
top boundary. The characteristic length, velocity and 
time scales are chosen as the inlet height 1, the area 
average inlet velocity zi, and convective time scale l/n, 
respectively. The characteristic temperature differ- 
ence, Af, is chosen as the difference between the initial 
uniform temperature in the tank and the steady inlet 
temperature, corresponding to the minimum and 
maximum density, respectively. For an unsteady, two- 
dimensional flow, the dimensionless vorticity, stream 
function and energy equations are 

V’lj = --w (14 

(lb) 

4.161 
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NOMENCLATURE 

denotes dimensional physical quantity 
phase velocity (6/a) 
height of gravity-current head (a/I) 
ambient fluid depth (a/l) 
Froude number ti/fi) 
gravitational constant, reduced gravity 
[m ss’] 
height of gravity-current nose, 
shallow-layer depth (hjl) 
domain height [m] 
Cartesian grid indices 
wavenumber [m-l] 
inlet height [m] 
time step index 
Prandtl number (V/E) 
Reynolds number (zi//v) 
cell Reynolds number (AxRe/l) 
time (0(&i)) 
temperature ((F- F,)/A F) 
velocity components (6/z?, ~?/a) 
average inlet velocity [m s- ‘1 
domain width [m] 
Cartesian coordinates (a/l, g/l) 

Yf fill line (t/X) 
A’, Y dimensionless domain width, height 

(W/l, HII). 

Greek symbols 
B thermal expansion coefficient [K-l] 
Q startup function as defined in equation 

(4) 
/? ratio of average to maximum inlet 

velocity 
V kinematic viscosity [m’ s- ‘1 
P density [kg m-‘1 
z period (?/(@I)) 
* stream function ($/(zif)) 
w vorticity (f%/(a/l). 

Subscripts 
g gravity current 
i inlet 
m maximum 
0 startup 
P particle index. 

Fig. 1, Geometry and coordinate system for the lower portion 
of a tank with a single comer inlet. 

DT -= 
Dt 

where D/Dt denotes the substantial derivative. The 
domain is defined by 0 < x < Xand 0 < y < Y, where 
X E W/l and Y = H/l. The Reynolds number and 
Froude number appearing in equations (1) are defined 
as Re E d/v and Fr = ii/al where g’, the reduced 
internal gravity, is in turn defined as g’ = g(Ap/p) 
E g(jAF). The stream function tj, and vorticity, w, 
are related to the x and y components of velocity by 
u = $y, v = -$X and w = v, - uy, where the subscripts 
x and y denote differentiation. 

The boundary conditions applied at the inlet, x = 0, 
forO<y< l,are 

u = ~YU -Y) Q(t; to), @a) 

v = 0, (2b) 

T= 1-B(t,t,). (2c) 

The conditions applied along the outflow boundary, 
0 < x < X, y = Y, are $, = 0 and wy = 0. Along the 
remaining boundaries, the conditions are 

* = 0, *, = 0, T, = 0, aty = 0, 0 < x < X, 

(3a) 

$=O, $,=O, T,=O, atx=X, O<y<Y, 

(3b) 

ti = Q(t; to), i, = 0, T, = 0, 

atx=O, l<yd Y. (3c) 

The initial conditions are rj = w = 0 and T = 1. 
The function Q appearing in equation (2) is defined 

by 

Q(t; to) = 
(t/t,)*(3-2t/t,) for t/t, < 1, 

1 for t/to > 1. 
(4) 

This startup function is used to ramp the inlet bound- 
ary conditions on velocity and temperature from their 
initial condition to their steady-state values while 
maintaining finite rates of change. For the results pre- 
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sented in this paper, the length of the startup period, 
to, has been fixed at two dimensionless time units to 
avoid the introduction of temporal oscillations on the 
convective time scale due to the numerics. 

3. NUMERICAL METHOD 

The governing equations are discretized on a grid 
with uniform spacing Ax in both coordinate direc- 
tions. The points on this grid, (x,, y,), are given by 
x, = iAx and y, = jAx. The time-stepping algorithm is 
based on a uniform time increment for which the time 
f is given by t” = nAt. The Poisson equation for the 
stream function, equation (la), is discretized using 
central differences and is solved at each time step using 
a W-cycle based full multigrid correction scheme [ 111. 
The vorticity and temperature transport equations, 
equations (lb) and (lc), are integrated in time using 
the alternating direction implicit (ADI) scheme of 
Briley and McDonald 1121. A Crank-Nicolson time 
differencing scheme is used for the diffusion operators. 
The advective terms are treated explicitly using the 
monotonic piecewise linear (MPL) scheme of van Leer 
v31, which is second order accurate in space. 
Although typically used for shock capturing, the MPL 
scheme has been used in the current study to capture 
the thin thermal interior layers without introducing 
the large amounts of numerical diffusion which are 
typical for lower-order schemes. The equations were 
solved sequentially in the following order : tempera- 
ture, vorticity and stream function. The buoyant 
source term in the vorticity equation was evaluated at 
time level p+ ’ since the vorticity equation was solved 
after the energy equation had been advanced in time. 

On the inlet boundary, the value of the vorticity at 
time I”+ ’ was computed from the vorticity definition 
and the boundary condition in equation (2a). The U, 
term was evaluated at time t”+ ’ using equation (2a) 
and the D, term was computed at time t” using a first- 
order backward spatial difference. The stream func- 
tion on the inlet boundary is computed from u = II/, 
and equation (2a). Along the solid wall boundaries, 
the vorticity value at time t”+’ was determined from 
the stream-function solution at the previous time step 
using equations (la) and (3). This formula is first- 
order accurate in space and time. Along the outflow 
boundary, the zero gradient condition on vorticity was 
approximated using a first-order backward difference. 
The value of @+ ’ along the upper boundary was 
determined by solving a discretized form of the 
reduced Poisson equation, $“,.:I = w”+‘, by direct 
elimination ]14]. 

The time step, Ar, was determined by 

At < min 
AxReA AxRe& 

~.Ax,~ ~ 
‘Re,-2 > 

(5) 

where Re,, the cell Reynolds number, is defined as 
Re& = AxReji and the parameter ,i is the ratio of the 
area average inlet velocity, zi, to the inlet velocity 

maximum. The explicit treatment of the advection 
terms in equations (lb) and (lc) leads to the first 
of the three terms in equation (5). This condition, 
At c iAx, is a form of the well-known CFL condition 
D51. 

The spatial grid size, Ax, was determined by per- 
forming computations on a series of grids, each differ- 
ing by a factor of two from the previous grid. A 
Richardson extrapolation based error estimate [ 16, 
171 was used to calculate and then compare the level 
of resolution. During the early stages of the buoyant- 
inflow process, the highest error levels were located in 
the region where the horizontal temperature gradient, 
aT/ax, was largest. Examination of the temperature 
solution at t = 8 for example, showed that the 
Ax = l/8 case had noticeably more numerical 
diffusion than either the case of Ax = l/16 or 
Ax = l/32. This difference was understandable when 
the thickness of the thermal interior layer was com- 
pared to the grid size, Ax. At Ax = l/8, the thickness 
of the thermal interior layer was less than 2Ax, imply- 
ing that the large temperature gradient was not being 
resolved. For smaller Ax, the thickness of the thermal 
interior layer was larger than the grid size, so that 
resolution improved. In general, the L, norm of the 
estimated error over the entire domain was an order 
of magnitude smaller than any local maximum error, 
suggesting that the error was localized. For most of 
the results presented in this paper, a grid size Ax of 
l/32 was used. 

The outflow boundary location is not a serious con- 
cern for the present problem because the flow 
approaches a fully-developed profile as we move 
upward from the thermocline. A minimum require- 
ment for the height of the domain would therefore 
appear to be Y > t,/X where t.+ is the limit of the time 
integration interval. For the case presented in this 
paper, the height of the domain is Y = 2X and the 
limit of the time integration satisfies t, cc YX. 

Particle time lines-similar to the bubble time lines 
produced experimentally using a pulsed wire [18]- 
were computed as an aid in the visualization of the 
transient flowfield. The lagrangean position (x,, y,) of 
each massless particle was computed using 

x”+’ = ,$+u,At, P (6a) 
fi+, 

YP = y; + v,At (6b) 

where p is the particle index and the superscript refers 
to the time step. The advection velocities (u,, up), are 
determined from a two-step Euler predictorcorrector 
method [ 191 and are evaluated at each time step using 
a two-variable linear-interpolation scheme [20]. 

4. RESULTS AND DISCUSSION 

We have chosen to present results for the case in 
which Re = 50, Fr = 1, and Pr = 10. Although some 
full-scale systems are operated at Reynolds numbers 
considerably higher than 50, we have chosen this value 
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so that we could examine the filling process under 
laminar flow conditions. The choice of Froude num- 
ber ensures that gravity will play a significant role in 
the dynamics of the filling process and the Prandtl 
number corresponds to that of water at approximately 
10°C. The chosen geometric parameters are 
X = W/l = 16 and Y/X = 2. As mentioned earlier, the 
location of the outflow boundary is intended to 
approximate a tank which is tall relative to the scale 
of the inlet. 

Measured on the convective time scale, the overall 
filling process is a large time process. However, resolv- 
ing the dynamics of the filling process on the con- 
vective time scale is crucial, since those dynamics are 
the source of the thermal mixing which ultimately 
determines the efficiency of the storage device. In the 
present case we will, in effect, examine only a fraction 
of this overall process since the focus is on the time 
interval necessary to fill the lower portion of a tall 
tank. For discussion, we have chosen to divide this 
filling process into three phases : 

1. 

2. 

3. 

The initial phase in which the inflow of cold 
liquid forms a gravity current which propagates 
across the width of the tank. 
A second phase in which internal waves are 
initiated by the turning of the gravity current at 
the wall opposite the inlet. 
The final phase in which the jet vortex grows as 
the thermocline is transported away from the 
inlet. 

This division of the filling process has been chosen 
because it facilitates comparison of specific charac- 
teristics of the computed flowfield with related 
phenomena. 

4.1. Gravity current 
The earliest stage of the tank-filling process occurs 

as cold liquid first flows across the bottom of the 
tank. This corresponds precisely to the definition of a 
gravity current as described by Simpson [21] in an 
extensive review of this class of buoyant-flow phenom- 
ena. Studies of gravity currents have traditionally been 
motivated by problems such as lock exchange and 
atmospheric flows. The dynamics of the present prob- 
lem have much in common with these traditional 
applications, although certain aspects are unique to 
chilled-water storage tanks. Most notable of these 
differences is the smaller physical scale and the con- 
fined domain. 

Figure 2 presents two plots of instantaneous stream- 
lines and temperature contours for the gravity current 
as it propagates across the tank. We see the charac- 
teristic features of a viscous gravity current : (1) an 
elevated ‘nose’ on the leading part or ‘head’ of the 
gravity current, (2) a circulation at the rear of the 
head, and (3) a body of nearly uniform thickness 
behind the head: The recirculation cell centered on the 
rear edge of the gravity-current head moves with the 

0 4 8 12 16 
X 

(4 

A4 

0 
0 4 8 12 16 

(b) 
Fig. 2. Temperature contours T = 0.1, 0.5, 0.9 (solid lines) 
and instantaneous streamlines with AI/ = 0.25 (dashed lines) 
for two times (a) t = 8 and (b) t = 16 during the gravity 

current stage. 

head until it reaches the wall opposite the inlet. The 
separation streamline, $ = 1.0, which encloses this 
cell originates from the upper edge of the inlet and 
reattaches on the wall far above the inlet. The tem- 
perature contours in Fig. 2 show that the spreading 
cold water flows over a thin layer of the warm fluid, 
which has been observed experimentally [21]. The par- 
ticle time lines for a pulse-wire at x = 8 are shown in 
Fig. 3 and provide an additional view of the flowfield 
in the proximity of the gravity current head. At t = 10, 
the leading edge of the gravity current is located at 
x 1 7.5 and the time lines are in warm fluid moving 
forward at a velocity which is less than that of the 
gravity-current head. A short time later, at t = 12, the 
time lines show that the warm fluid is pushed upward 
after the cold-water gravity current passes the wire. 
The increased particle displacements are an indication 
of the higher velocities present in the gravity current. 
At r = 16, particles are swept forward with the leading 
edge of the gravity current, while other particles are 
swirled in the recirculating region at the rear of the 
gravity-current head. Finally, at t = 20, the time lines 
which have been released inside the gravity current 
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Fig. 3. Particle time lines produced by a vertical ‘wire’ located at x = 8 with a pulse interval of AZ, = 2 

shown at times (a) t = 10, (b) t = 12. (c) t = 16, and (d) t = 20. 

are quite close to the time lines which would be pre- 
dicted by the similarity solution for a wall jet. 

The isotherms in Fig. 2 indicate that there is excel- 
lent resolution of the thermal interior layer at the 
leading edge of the gravity current. This resolution is 
a marked improvement over computational results 
based on schemes of first-order spatial accuracy which 
invariably produce unphysically large interior layers 
due to numerical diffusion. Experimentally, Didden 
and Maxworthy [22] have shown that for low Rey- 
nolds number gravity currents, the horizontal inter- 
face between the gravity-current body and the ambient 
fluid is rather thin; typically l&20% of the current 
thickness. Similar results have also been found exper- 
imentally by Nakos [23] for gravity currents with inlet 
Reynolds numbers of 102 and 133. In addition, their 
density profiles across the gravity-current nose indi- 
cate that the scale of the horizontal temperature gradi- 
ent is less than one quarter of that of the gravity- 

current height. Both findings compare well with the 
results shown in Fig. 2. 

The dimensions of the computed gravity-current 
head were determined from the numerical results by 
choosing the T = 0.9 contour as its boundary. The 
location of this isotherm contour could be determined 
to within fAxi2. The dimensionless height of the 
gravity-current head, d, and nose, h, are shown in Fig. 
4. The gravity-current nose height is approximately 
0.4 times the height of the head. This result is in 
agreement with the measurements of Simpson and 
Britter [24] who reported this ratio as varying from 
0.5 to 0.15 for Reynolds numbers between 10 and 
1000. The height of the gravity current head also com- 
pares favorably with their measurements. They quote 
the head height as varying from over 3.0 to about 0.6 
for head height to ambient fluid-depth ratios of 0.05- 
0.3, respectively. Since, in the current problem, the 
simulated tank is tall and there is no ambient strati- 
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Fig. 4. The height of the gravity-current head (*) and nose 
(0) as it traverses the width of the tank. 

fication, the form of the gravity current is appropriate 
to that of a deep ambient fluid. 

The velocity of the gravity current was calculated 
from 

XI -x0 
u N-- s 

t1 -to (7) 

where X, and x0 are the position of the gravity current 
at times t, and to, respectively. The location of the 
gravity current head was again taken as the foremost 
point at which TN 0.9, and could be determined to 
within x = f AX/~. The time separation used to com- 
pute the velocity, (t, -to), was 0.5. The propagation 
velocity is shown in Fig. 5 as a function of time. For 
most of the tank width, the velocity is approximately 
equal to 0.8. Didden and Maxworthy [22] measured 
the propagation rate of gravity currents for Reynolds 
numbers in the range from 37 to 131 and presented a 
correlation of the form 

U% = 0.73(Re/FrZ)“s(4/5)tm”5 (8) 

based on the length and time scales of the present 
study. At time t = 10, their correlation estimates the 
gravity current head velocity as ug = 0.81. A similar 
correlation by Yoo et al. [6] developed for thermal 

‘SC_ 
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0.0 ” ” 0 I., ” c ” ” 8. ” ” 

0 5 10 15 20 25 
t 

Fig. 5. The velocity of the gravity current leading edge as a 
function of time. 

gravity currents predicts a velocity of ug = 0.93 for 
time t = 10. 

The propagation velocity is often cast in terms of a 
Froude number based on the propagation velocity 
and a characteristic height of the gravity current. The 
inviscid analysis of Benjamin [25] predicted 

Fr, = 
114 ford,/D = l/2, 

Jz for d,/D = 0. 
(9) 

where the gravity-current Froude number, Fr,, is 
based on the height of the gravity current away from 
the head, dp, and D is the depth of the ambient fluid. 
Since, for the data shown in Fig. 5, the Froude number 
is equal to 1 and the gravity current depth is approxi- 
mately equal to 1, the dimensionless velocity is 
approximately equal to the gravity current Froude 
number. Thus our data for ug falls between the limits 
calculated by Benjamin and compares favorably to 
the Froude number range reported by Simpson and 
Britter [24] of 1.3-0.75 at d/D ratios of 0.05 to 0.3. 
The computational studies of Kao et al. [26] and Val- 
entine and Tannous [lo] predict a similar Froude 
number, 0.89 and 0.87, respectively, even though the 
horizontal temperature gradient was noticeably 
spread by their numerical schemes. 

4.2. Internal M’ave generation 
After travelling across the width of the tank, the 

gravity current collides with the wall at time t N 22.5. 
Figure 6 presents the streamlines and temperature 
contours for two times shortly after the gravity current 
has hit the wall. At t = 24 the upper portion of the 
gravity current can be seen bouncing up the wall and 
turning in a counter-clockwise direction, while in the 
lower corner, the flow wraps in a clockwise direction. 
This splitting of the flow is also evident in Fig. 7(a), 
in which negative velocities are apparent at x = 14. 
At this time, the stagnation point on the right wall is 
located at y 1: 1.5, while the flow below this point is 
turning to flow under the gravity current. 

As the cold fluid bounces up along the wall, the 
kinetic energy of the gravity current is converted to 
potential energy and then back again as gravity 
attempts to restore equilibrium. From this sequence 
emerges a mixed region evident in Fig. 8(a). The tem- 
perature contours show this region very clearly, being 
centered at x N 11. The stream-function contours 
reveal a region with instantaneously closed streamline 
corresponding to the lower half of this mixed region. A 
comparison of this figure with the horizontal velocity 
profiles in Fig. 7(b) shows a vortex pair-like structure 
centered on this mixed region with large negative vel- 
ocities in the center. This region proceeds to translate 
across the tank while remaining vertically centered 
within the thermocline. This produces a noticeable 
thickenmg of the thermocline as it propagates along 
the thermocline. The degree of this thickening may be 
slightly different than observed in the flow vis- 
ualization experiments of Wildin [27] ; however, the 
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Fig. 6. Temperature contours 7’ = 0.1, 0.5, 0.9 (solid lines) 
and instantaneous streamlines with A$ = 0.25 (dashed lines) 
for two times (a) t = 24 and (b) t = 28 during the turning of 

the gravity current at the wall. 
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Fig. 7. Vertical profiles of horizontal velocity at times (a) 
t = 24 and (b) t = 40 which are during the generation and 

cross-tank translation of the mixed region. 
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X 

Fig. 8. Temperature contours T = 0.1, 0.5, 0.9 (solid lines) 
and instantaneous streamlines with A$ = 0.25 (dashed lines) 
for two times (a) t = 40 and (b) t = 48 during the collapse 

and cross-tank translation of the mixed region. 

difference is quite possibly due to the small width 
of the present tank relative to that used in Wildin’s 
experiments (W/Z N 95 and 155) through its influence 
on the turning of the gravity current at the tank wall. 
From Fig. 8, the propagation velocity of the mixed 
region is estimated to be approximately 0.3. Also of 
note is the deflection of the thermocline in front of the 
mixed region ; this same structure is apparent in the 
flow visualization experiments of Wildin [27]. 

The mixed region generated by the turning of the 
gravity current at the right wall contains strong simi- 
larities to the methods used to produce internal soli- 
tary waves in experiments. Maxworthy [28] has stated 
that solitary waves are ubiquitous in thermocline-type 
stratification and will be produced by almost any form 
of mixing process. In fact, his experiments relied on 
the release of a fluid volume, with an excess of poten- 
tial energy over the ambient, from behind a barrier 
to produce an initial disturbance. This disturbance 
evolved into a set of solitary waves as it propagated 
along the gradient layer. Maxworthy related the soli- 
tary waves produced in these experiments to the soli- 
tary internal waves originally examined by Benjamin 
[29] and Davis and Acrivos [30]. Those two studies 
were the first to recognize that internal solitary waves 
can exist in a thermocline-type stratification even if 
the fluid is infinitely deep both above and below the 
gradient layer. As described in the review by Miles 
[3 11, this occurrence of solitary waves is unique in that 
the scale of the disturbance is large relative to a vertical 
scale of the stratification rather than large relative to 
the fluid depth as for surface waves. The condition 
that the disturbance be large relative to the vertical 
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Fig. 9. Location of the 0.9 isotherm during the interval t = 80 
to 112, in increments of 8, showing a solitary wave-like 

disturbance moving from left to right. 

scale of the density distribution is certainly satisfied 

in the present case. From Fig. 6 we see that the height 
of the mixed region is nearly ten times the thickness 
of the thermocline. However, in contrast to the deep 
fluid analyses by Benjamin [29] and Davis and Acrivos 
[30], the scale of the mixed region is also large relative 
to the depth of one of the layers. Numerous exper- 
imental studies [32-341 have shown that quite general 
excitations of the gradient layer lead to solitary waves 
in this case as well. 

The case we are considering is unique, however, 
in a number of additional respects compared to the 
experimental conditions under which internal solitary 
waves are typically studied. Potentially one of the 
more important is the relatively small width tank we 
have chosen to model. Most experimental studies of 
solitary waves are conducted in tanks which have a 
width many times that of the scale of the original 
disturbance. This provides ample time for the indi- 
vidual solitary waves to separate from each other, 
ordered by amplitude. For large initial disturbances 
this distance can be very large, but, in the present case, 
the initial disturbance is relatively small. Based on 
Maxworthy’s data for the number of solitary waves 
produced vs the extent of the initial mixed region 
[28], the bouncing of the gravity current would almost 
surely produce less than three solitary waves and, 
more likely, only a single solitary wave. It is therefore 
quite plausible that the reflection of the mixed region 
off of the right wall is a solitary wave as illustrated by 
the distortion of the thermocline in Fig. 9. The speed 
of this solitary wave-like disturbance is approximately 
0.2. This propagation velocity is smaller than the 
phase velocity for a linear internal wave of the same 
amplitude. This may be due to the fact that the 
horizontal scale of this region is only slightly larger 
than the vertical scale of the thermocline thickness, 
since, as noted by Kao et al. [35], the solitary-wave 
speed is decreased by a density gradient of finite 

4.3. Thevmocline trunsport 
The thermocline begins as the interior layer sepa- 

rating the body of the gravity current and the ambient 
fluid in the tank, formed as the gravity current moves 
across the tank. Although thickened by the propa- 
gation of the mixed region along it, the thermocline 
remains intact for all subsequent time, growing in 
vertical extent through the action of convection and 
thermal diffusion. 

The permanence of the thermocline is quite remark- 
able given its proximity to the inlet jet and the associ- 
ated high velocities. Figure 10 shows the streamlines 
and temperature contours at two later times in the 
filling process, when the thermocline has moved away 
from the inlet. The role of the thermocline as a sort of 
boundary is evident upon comparison of the flowfield 
on either side of the thermocline. Above the ther- 
mocline, the streamlines indicate that the flow is quite 
uniform. The region below the thermocline is filled 
with a complex pattern of recirculation cells. The pat- 
tern evolves as the thermocline moves away from the 
inlet and the jet vortex consumes a proportionately 
larger fraction of the region below the thermocline. 
Since the height of the jet vortex is limited by the 
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Fig. 10. Temperature contours T = 0.1, 0.5, 0.9 (solid lines) 
and instantaneous streamlines with A$ = 0.25 (dashed lines) 
for two times (a) t = 128 and (b) t = 192 showing the devel- 
opment of the wall jet recirculation region as the thermocline 

thickness. is transported away from the inlet. 
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Fig. 11. Location of the stream-function maximum in time. 
For this time interval, the stream-function maximum is 

associated strictly with the jet vortex. 

vertical position of the thermocline and the vortex 

The internal waves generated by the turning of the 

remains essentially circular, the horizontal width too 

gravity current at the right wall include not only soli- 

is effectively constrained by the location of the ther- 
mocline. Observation of the jet vortex in the tlow 

tary wave-like motion but also large-scale oscillations 

visualization studies of Wildin [27] has presumably 
been limited by the streakline method used in the 

of the thermocline. Figure 12 shows time traces of 

experiments. In a purely isothermal flow, which we 
have treated in an earlier work [36], the jet vortex fills 
the width of the tank at steady state, its center being 
located at the point (x, y) = (7.1,12.1) at time t = 232. 
This limiting behavior contrasts strongly with the 
movement of the stream-function maximum for the 
present, non-isothermal case, as shown in Fig. 11. The 
stream-function maximum is simply the maximum 
positive value of the stream function over the entire 
domain. 
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Fig. 12. Time traces of stream-function maximum, horizontal 
velocity and temperature showing the large scale oscillations 

of the thermocline. 

temperature near each side of the tank, x = X/S and 
7X/8, at the fill line, y, = t/X. We see a clear phase 
shift between the two points at opposite sides of the 
tank and, as also shown in Fig. 12, the horizontal 
velocity trace indicates a reversal of the velocity as the 
thermocline rocks back and forth. These oscillations 
are akin to the lowest-mode standing wave in basins 
such as lakes [37]. For this mode of oscillation, liquid 
sways back and forth, heaping itself up at alternating 
sides of the basin. The period of this oscillation is 
equal to the time a progressive wave would take to 
traverse two domain widths [38] and is given by 
Q = 2 W/t, where Z is the dimensional period and E 
is the dimensional phase velocity. The dimensionless 
period of the oscillation in Fig. 12, z = ?/(//a), is 
approximately equal to 23. This corresponds closely 
to a period of oscillation based on the phase velocity 
for a two-layer system in which the upper fluid is deep 
and the lower is shallow. For such a system, the phase 
velocity [37] is 

(:’ =:(I +cothk& ’ 00) 

where h^ is the depth of the shallow layer, k is the 
wavenumber, and Ap/p CC 1. The dimensionless phase 
velocity is then given by 

Xl(i~Fr') 1 
02 

(’ = 1 +coth nh/X (11) 

since the wavenumber k is equal to Z/ W for the lowest- 
mode standing wave. For the present case, this pre- 

The decay of the maximum and minimum of the 

dicts a period of oscillation between 20 and 27 for a 
cold-fluid depth of 2-8. 

horizontal velocity with increasing height, shown in 
Fig. 13, is exponential, as would be expected in a deep 
layer. 

The oscillation of the thermocline has an interesting 
effect on the jet vortex. As seen in Fig. 12, the stream- 
function maximum shows an oscillation of the same 
period as that of the lowest mode standing wave. The 
explanation is that, as the thermocline moves below 
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Fig. 13. Vertical decay of the horizontal velocity maximum 

(0) and minimum (*) for the time interval t = [64, 1921. 
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its equilibrium level on the inlet side of the tank, the 
jet vortex is compressed and I), decreases. Then, as 
the thermocline moves above the equilibrium level, 
the jet vortex responds by increasing its size and 
strength. The decreasing amplitude of the oscillations 
in the stream-function maximum indicate the decay 
of the standing-wave motion as time progresses. 

5. CONCLUSIONS 

The filling of a stratified-storage tank initially full 
of hot water by an inflow of cold water produces a 
wide range of gravity-driven phenomena. The initial 
inflow of cold Auid produces a gravity current which 
traverses the width of the tank, thereby forming a 
thermocline-type stratification. The turning of this 
gravity current at the wall of the tank opposite the 
inlet initiates a range of internal wave motions includ- 
ing solitary and standing waves. The presence of the 
thermocline forms a barrier between the uniform flow 
above the thermocline and the recirculating flow 
beneath the thermocline driven by the inlet jet. 

The solitary-wave motion evident in our model of 
the buoyant filling process may also be the source of 
the motions observed by Wildin [27] and Baines et al. 

[4]. Both have observed phenomena which appear to 
reflect back and forth across the tank following the 
turning of the gravity current at the wall. In both 
cases, the experiments were conducted with flow par- 
ameters of the same magnitude that we have used in 
our model, except the tank width. In their exper- 
iments, the tank width was on the order of 100 times 
the inlet height, making it even more likely there 
would be ample sorting time for the solitary waves. 

The standing-wave motion we have observed also 
provides a reasonable explanation for the oscillations 
in outlet temperature reported by Wildin 1391 for a 
tank with a height to width ratio of less than one and 
a single inlet and outlet. In those experiments, the 
oscillations were observed at the end of the filling 
process for warm water flowing into the tank near its 
top and colder water flowing out near the bottom. As 
our results have shown, the large-scale oscillations of 
the thermocline are not rapidly damped and could 
potentially be detected at the outlet of a small aspect- 
ratio tank, such as Wildin’s for filling from the bottom 
or top of the tank. 
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